Abstract. We give a direct proof of the existence of the eigodic Hubert transform 1f~_y-f(Tkx)/k, where T: X -» X is a measure-preserving transformation and / is an integrable function. Cotlar [5], as part of a more comprehensive investigation, has obtained the following result.
(1) /(*)= lim i'l^l »-0C k = _" « exists a.e., where the prime denotes that the term with zero denominator is omitted. For a one-parameter measure-preserving flow {T, : -oo < t < 00} on X, the analogous statement holds:
lim f LV^dt e~0+ •/e<|r|<l/e ' exists a.e., for each/GL'(X,S,fi).
Calderón [4] showed how to derive these results from the existence of the ordinary Hubert transform. The purpose of this note is to present the most direct proof we have been able to find so far of the a.e. existence of (1) . The argument draws heavily on the ideas of Wiener, Loomis, and Calderón.
Other discussions and applications of the ergodic Hubert transform can be found in [1,2,6 and 8] .
It is easy to see that (1) exists a.e. in case fT -f a.e. or in case / is a coboundary, that is, a function of the form/= g -gT for some g E L°°. Since such functions/ span a dense set in L1, it is enough to show that the set of functions for which the result holds is closed in Ü. As usual this follows immediately from the corresponding maximal inequality, which is the content of Lemma 1. Lemma 1. There is a constant c such that if T: X -» X is a measure-preserving transformation on a measure space ( X, <3b, p),fE L'( X, 6£>, p), and X > 0, then p<.x: sup »SI ¿' f(T'x) >A ^Xll/ll1-Lemma 1 will follow from the analogous statement for the discrete Hubert transform on /', namely Lemma 2. This result is well known (see e.g. [7] ), but we have not found a direct proof of it in the literature. Lemma 2. There is a constant c such that if {ak) E /' and X > 0, then card^A: G Z : sup 2' >x Backtracking further, to deduce Lemma 2 it is best first to prove its limit (rather than supremum) version, Lemma 3. Finally, Lemma 3 will be proved with the help of the famous lemma of Boole [3] and Loomis [9] , Lemma 4. Here m denotes Lebesgue measure on R. A similar argument can be used to establish the continuous-parameter part of the theorem; alternatively, one may consider time e maps and approximate.
